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Network Optimization by Randomization

Exercise:
Solutions
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Task 1
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Vertex Coloring
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Vertex Coloring

Reduce? wait until all higher-ID neighbors chose color;
take first free and inform neighbors;

Recall:

3
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Analysis: Which messages are sent?

1. „undecided“ must not be sent...

2.  So only two messages are sent by a given
node over an edge: one at the beginning with ID, 
and one with chosen color when deciding

So in total? Sum over links (from both endpoints...)

4*|E| messages
3
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Vertex Coloring
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Asynchronous Algorithm?

What assumptions do we need?

E.g.: assume nodes know how many neighbors they have!
(Otherwise you never know whether there will be one more later...)

Idea? 

Wait until all neighbors have replied with ID before starting to 
compute colors, and only choose color when all higher-ID neighbors 
have chosen color too (as before...)
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Task 2
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Matching
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Communication over trees

How to visualize
organization hierarchy?

Tree!

agent

superior

subordinates
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Agents activated!

Idea „Echo“: 
- start with leaves!
- wait for messages of children, and match
them; if does not work out propagate up:
at most one!

How to pair them up,
such that no link
is used twice on 
these „partner-paths“?

Example here?



Stefan Schmid @ T-Labs, 2011

Echo Algorithm

Echo: wait for messages
of children, and match
them; if does not work
out propagate up:
at most one!
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Echo Algorithm

Echo: wait for messages
of children, and match
them; if does not work
out propagate up:
at most one!
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Echo Algorithm

Echo: wait for messages
of children, and match
them; if does not work
out propagate up:
at most one!

„no friend!“
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Echo Algorithm

Echo: wait for messages
of children, and match
them; if does not work
out propagate up:
at most one!
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It works! ☺

Each link used only once: at most one node in subtree
unmatched, so link available!
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Complexity?

Time O(Depth), and at most two messages along link
(at most one request and one reply per subtree).

How deep can a tree be? Log n?
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Task 3
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Diameter of the Augmented Grid
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Recall

α=0? 

Means uniform (indep. of distance)!
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Proof Strategy

≥

 

log2 n
|S|

1. Starting from one node, we can reach
log2 n many nodes in log n hops
(along grid...)

log n 
hops add

neighbors

add
neighbors

|S|=2|S|

2. Then by adding the neighborhood
of the nodes we double the size each
time, w.h.p.

1. 2.

2.

≥

 

n/log n
|S|

2.
3.

3. From there we can reach
any log n neighborhood
(log2 n many nodes) of any node, w.h.p.

4.

4. From there
in log n steps
at any node
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Proof Strategy

≥

 

log2 n
|S|

1. Starting from one node, we can reach
log2 n many nodes in log n hops
(along grid...)

log n 
hops add

neighbors

add
neighbors

|S|=2|S|

2. Then by adding the neighborhood
of the nodes we double the size each
time, w.h.p.

1. 2.

2.

≥

 

n/log n
|S|

2.
3.

3. From there we can reach
any log n neighborhood
(log2 n many nodes) of any node, w.h.p.

4.

4. From there
in log n steps
at any node

trivial!

b)+c)
a)

trivial!

This gives a path between
two given nodes, w.h.p.:
Diameter = all paths w.h.p.!

=> Exercise d)
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Diameter of the Augmented Grid
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High Hitting Probability

O(Cn/log n) nodes enough to guarantee
random link into a set of Ω(log2 n) nodes.

QED

log2 n

Probability p that a given link connects into this set S? 

α=0, so uniform, so p ∈ Ω(log2n/n).

The Cn/log n nodes have a random link each. Probability that none hits S?

n/log n

whp!
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Alternative Proof

O(Cn/log n) nodes enough to guarantee
random link into a set of Ω(log2 n) nodes.

QED

Let Xi be the indicator variable whether the i-th link hits the set S, for i ∈

 

{1,...,l} 
for some l ∈

 

O(n/log n). Let X be the sum of the Xi . Let p ∈

 

Ω(log2 n/n) denote 
probability that a link hits the set (see before). So E[X]?

E[X] = p ·

 

l ≥

 

C log n, for some constant C... So?

So according to Chernoff: | X - E[X] | < E[X], w.h.p.

Since P[X>0] = P[ | X - E[X]| < E[X] ] = „w.h.p.“

the claim follows by choosing the constant accordingly.
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Diameter of the Augmented Grid
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High Diversity

QED

H

Since |S| ∈

 

o(n), the union of S with all grid neighbors and random 
neigbors of nodes in S is also in o(n). 
So there are (1-o(1))n nodes (less than a linear part is missing!) that were 
not visited (and nor did their neighbors). 
So with probability p ∈

 

1-o(1) any link will give 5 new nodes (incl. grid 
neighbors). 
We can apply Chernoff bounds to these random variables! Let X be the 
sum of such „good choices“ with 5 new nodes.
Then Chernoff bound: since E[X] > log n (as |S| is > log2 n and each has 
constant and independent probability) it holds w.h.p.

≥

 

log2 n

S

≥

 

(5-o(1))|S|

< n
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Diameter of the Augmented Grid
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Fast Growth

QED

We know that the set grows at least by a factor (5-o(1)) in each step 
w.h.p., so only a fraction of 1/nc goes wrong (growth factor less than 4).

We can double the size at most log n many times. The total fraction that 
goes wrong is bounded by?

log n / nc < 1 / nc‘

for some other constant c‘. So it‘s still w.h.p.!

≥

 

log2 n
|S|

4*|S| whp 16*|S| whp

We know:

whp whp

whp?



Stefan Schmid @ T-Labs, 2011

Diameter of the Augmented Grid
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Diameter

QED

We know that:

1. Each node can reach Ω(log2 n) nodes in the
grid (w/o random links) within log n steps;

2. Starting from these nodes, Θ(n/log n) nodes can be
reached within log n more hops w.h.p. (just seen in c)!)

3. From these nodes we can reach (log n)-hop neighborhood
of every node (on grid), because that‘s log2 n given nodes

4. From there we can reach all other nodes in log n hops on 
the grid!

5. So total path between two given nodes has logarithmic 
length w.h.p.! Are we done?

6. No, we must prove that for all pairs of nodes such a path 
exists w.h.p.! How many paths are there? At most a 
polynomial number!
So the „w.h.p.“ holds for all paths (exponential always 
swallows polynomial with the right exponent...): in O(log 
n)!
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